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1. JORDAN]LIE ALGEBRA
In this note, we will first introduce a notion of Jordan]Lie super
algebra, which is intimately related to both Jordan-super and antiassocia-
tive algebras. We shall then study in Section 2 a class of triple systems
called Jordan]Lie triple system, from which we can construct Jordan-super
algebras. In Section 3, we will see that a slightly different triple system will
lead in contrast to doubly graded Lie-super algebras. All algebras consid-
ered in this note are assumed to be finite dimensional over a field of
characteristic not 2. We often delete the adjective ``super'' so that an
algebra implies in general a super algebra.
Let L be a Z -graded vector space, i.e.,2
L s V [ V 1.1 .0 1
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 .with grading function s x given by
0, x g V ,0
s x s 1.2 .  . 1, x g V .1
We will consider only homogeneous elements, i.e., either x g V or0
x g V , and write as usual1
x y  .  .s x s yy1 [ y1 . 1.3 .  .  .
w xSuppose that a bilinear product ?, ? : L m L ª L satisfies conditions
w xi s x , y s s x q s y mod 2 , 1.4a 4 .  .  .  .  . .
x yw x w xii y , x s yd y1 x , y , 1.4b .  .  .
x z y x z yw x w x w xiii y1 x , y , z q y1 y , z , x q y1 z , x , y s0, .  .  .  .
1.4c .
 .for d s "1. Note that eq. 1.4c is equivalent to
x z y x z yw x w x w xiii 9 y1 x , y , z q y1 y , z , x q y1 z , x , y s 0. .  .  .  .
1.4d .
w xThe case of d s 1 gives the Lie-super algebra 4 . We call the other case of
 .d s y1 a Jordan]Lie super algebra because it turns out to be a Jordan-
super algebra as we will show below. It is often convenient to consider
 .both cases of d s "1, and we call the algebra satisfying eqs. 1.4 a d
 .Jordan]Lie hereafter abbreviated as J-L algebra.
Before going into details, let us give a motivation for considering the J-L
 .algebra d s y1 . We first define the notion of d-associative algebra.
DEFINITION 1.1. Let xy be a bilinear product in a vector space V.
Suppose that it satisfies antiassociative law
xy z s yx yz . 1.5 .  .  .
We then call V an antiassociative algebra. Combining both associative
 .  .d s 1 and antiassociative d s y1 cases, any algebra V satisfying
xy z s d x yz 1.6 .  .  .
for d s "1 is called a d-associative algebra.
PROPOSITION 1.1. Let V be a d-associati¨ e super algebra. If we introduce
w xthe second bilinear product ?, ? in V by
x yw xx , y [ xy y d y1 yx , 1.7 .  .
then it defines a d J-L algebra.
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The proof is straightforward.
DEFINITION 1.2. Let L be a d J-L algebra. We define ad: L ª End L
by
w xadx y [ d x , y 1.8 .  .
for x, y g L. Moreover, we introduce its commutator by
x yw xadx, ady [ adx ady y d y1 ady adx. 1.9 .  .
 .Note the presence of the factor d in the right-hand sides of eqs. 1.8
 .and 1.9 .
PROPOSITION 1.2. We ha¨e
w x w xi ad x , y s adx , ady , 1.10a .  .
x yw x w xii ady, adx s yd y1 adx , ady , 1.10b .  .  .
x z y xw x w xiii y1 adx , ady , adz q y1 ady, adz , adx .  .  .
z y w xq y1 adz , adx , ady s0. 1.10c .  .
 .Proof. We rewrite eq. 1.4c as
x yw x w x w xx , y , z s d x , y , z q d y1 y , x , z , 1.11 .  .
 .from which we can readily find the validity of eq. 1.10a . The second
 .  .relation eq. 1.10b is an immediate consequence of eq. 1.9 , while eq.
 .1.10c follows by applying the adjoint operation ad to both sides of eq.
 .  .1.4c and noting eq. 1.10a . This completes the proof. We note that we
3 .have adx s 0 identically for any x g V .0
 .Remark 1.1. Equations 1.10 imply that adx is also a d J-L algebra,
which is a representation of L.
 .We now proceed to the proof that a J-L algebra d s y1 is a Jordan-
super algebra. For this result, we will first introduce some definitions.
DEFINITION 1.3. Let V be an algebra with bilinear product x ? y,
and let
x , y , z [ x ? y ? z y x ? y ? z 1.12 .  .  .  .
be its associator. Moreover, we set
x z y x z y
J x , y , z [ y1 x ? y ? z q y1 y ? z ? x q y1 z ? x ? y , .  .  .  .  .  .  .
1.13a .
 .  .xqw z yqw xF x , y , z , w [ y1 x ? y , w , z q y1 y ? z , w , x .  .  .  .  .
 .zqw yq y1 z ? x , w , y , 1.13b .  .  .
for x, y, z, w g V.
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DEFINITION 1.4. Suppose that the bilinear product x ? y satisfies
x y
i y ? x s e y1 x ? y , 1.14a .  .  .
ii F x , y , z , w s 0, 1.14b .  .  .
for e s "1. The resulting algebra is then called an e-Jordan algebra. The
case e s 1 defines the standard Jordan-super algebra, while the other case
e s y1 may be called an anti-Jordan algebra.
w xPROPOSITION 1.3. Let L be a d J-L algebra. Then, identifying x ? y s x, y
with e s yd , L becomes an e-Jordan algebra. Especially, a Jordan]Lie
 .  .algebra d s y1 is a Jordan-super algebra, while a Lie-super algebra d s 1
is automatically an anti-Jordan algebra.
Proof. This follows immediately from the identity
 .  .xqw zqx w yqw xqy wF x , y , z , w s y1 J x , y , w ? z q y1 J y , z , w ? x .  .  .  .  .
 .  .zqw yqz w w xqzq y1 J z , x , w ? y y y1 J x , y , w ? z .  .  .  .
 .  .w yqz w xqyy y1 J x , w ? y , z y y1 J w ? x , y , z . .  .  .  .
1.15 .
To prove this, we calculate first
x ? y , w , z s x ? y ? w ? z y x ? y ? w , z 4 .  .  .  .
x w w ys y1 J x , y , w ? z y y1 x ? w ? y ? z 4 .  .  .  .
 .w xqyy y1 w ? x ? y ? z y x ? y w ? z . 4 .  .  .  .
 . xqw . zMultiplying y1 , then cyclically interchanging x ª y ª z ª x, and
 .  .adding these, this leads to eq. 1.15 . If J x, y, z s 0 identically, then this
 .gives the desired result F x, y, z, w s 0.
DEFINITION 1.5. Let L be a d J-L algebra. We set L s L and1
w xL s L , L for n s 1, 2, . . . . If we have L s 0 for some n, then Lnq1 n nq1
is called nilpotent. Moreover, if we have L / 0 but L s 0, we call L an nq1
nilpotent d J-L algebra of length n.
 .PROPOSITION 1.4. Let L be a J-L algebra d s y1 . Then V is a0
nilpotent Jordan algebra if the underlying field is not of characteristic 3.
Proof. If the field is not of characteristic 3, then any x g V satisfies0
w xx , x , x s 0 1.16 .
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 .identically, if we set x s y s z g V in eq. 1.4c . Especially, V is a0 0
 w x.Jordan nil-algebra. Then, a theorem by Albert see 3, p. 96 implies V to0
be nilpotent.
 .LEMMA 1.1. Let V be an antiassociati¨ e algebra d s y1 . Then any
product in¨ol¨ ing four or more elements of V is identically zero. For example,
we ha¨e
xy zw s 0 1.17 .  .  .
for any x, y, z, w g V.
Proof. For simplicity, set u s xy, ¨ s zw, and t s yz. We then compute
xy zw s u zw s y uz w s y xy z w s x yz w s xt w 4  4 .  .  .  .  .  .  .
and
xy zw s xy ¨ s yx y¨ s yx y zw s x yz w s x tw . 4  4 .  .  .  .  .  .  .
Adding both, this leads to
2 xy zw s xt w q x tw s 0. .  .  .  .
 . 4It is clear then that we also have xy z w s 0 etc.
COROLLARY 1.1. Let V be an antiassociati¨ e algebra, and introduce a J-L
 .algebra L d s y1 by
x yw xx , y s xy q y1 yx .
 .as in Eq. 1.7 . Then L is a nilpotent Jordan-super algebra of length at most 3,
i.e. L s 0.4
Proof. Because of Lemma 1.1, we have
w xx , y , z , w s 0
identically for an x, y, z, w g V.
COROLLARY 1.2. Any antiassociati¨ e algebra cannot ha¨e idempotent
element. In particular, it cannot possess the unit element.
 . 2 2Proof. Set x s y s z s w s e in eq. 1.17 to obtain e e s 0. If e
satisfies e2 s e, then this leads to e s 0. We can also prove the same more
2 2directly from the antiassociative law e e s yee .
Remark 1.2. In view of Corollary 1.1, any J-L algebra constructed from
an antiassociative algebra satisfies L s 0. However, there exists see4
.Example 1.5 below a J-L algebra which does not satisfy the condition. In
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analogy to the standard usage of Jordan algebras, we may call any J-L
algebra special or exceptional, depending upon whether it can be con-
structed from an antiassociative algebra or not. A sufficient criterion for L
to be exceptional is to have L / 0.4
PROPOSITION 1.5. Let V be a d-associati¨ e algebra with the product xy,
and introduce the second product x ? y in V by
x y
x ? y s xy q d y1 yx . .
 .Then the resulting algebra is a d-Jordan algebra e s d .
Proof. We have to consider two cases d s 1 and d s y1 separately
now. If d s 1, then xy is associative, and hence x ? y represents a Jordan-
super algebra, as is well-known. On the other side, suppose d s y1. Then
 . 4  .  .Lemma 1.1 implies the validity of x ? y ? z ? w s x ? y ? z ? w s 0
 .  .identically so that we have x ? y, z, w s 0 and hence F x, y, z, w s 0
trivially.
Remark 1.3. Because of Corollary 1.1, any special J-L algebra is nilpo-
tent so that it is not simple. If V s 0 and if the underlying field is not of1
characteristic 3, then the same result follows from Proposition 1.4. If
w xV / 0, we use a classification of simple Jordan algebras given by Kac 1 .1
w xWe can verify that none of these simple algebras listed in 1 satisfies the
 .condition eq. 1.4c . Therefore, we conclude that a J-L algebra is not
simple in general.
In view of Remark 1.3, we will consider, instead, a class of nonsimple
Jordan-super algebras which we call quasiclassical.
w xDEFINITION 1.6. Any algebra with a bilinear product x, y s
 . x yw xyd y1 y, x for d s "1 is called quasiclassical if there exists a non-
 :degenerate bilinear form ? N ? satisfying
 :i x N y s 0 unless s x s s y , .  .  .
x y :  :ii y N x s y1 x N y , .  .
 :  :w x w xiii x , y z s x ¨ y , z . .
Remark 1.4. This definition reproduces the quasiclassical Lie-super
w xalgebra studied in 2 for d s 1, while it defines a quasiclassical Jordan-
super algebra for d s y1.
We will now present examples of quasiclassical Jordan]Lie algebras
 .  4d s y1 , where we use the notation V s x , x , . . . , x for an algebra V1 2 n
with basis x , x , . . . , x .1 2 n
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 4EXAMPLE 1.1. Let L s V s x , u , y , ¨ , Y with V s 0, where0 j j A A j A 1
indices j and A assume values j s 1, 2, . . . , n and A s 1, 2, . . . , m,
respectively. Only nonzero commutators are assumed to be given by
w x w xx , y s y , x sY ,j A A j j A
x , Y s Y , x s e ¨ ,j k A k A j jk A
y , Y s Y , y s e u ,A jB jB A A B j
for j, k s 1, 2, . . . , n and A, B s 1, 2, . . . , m. Here, e s ye and e sjk k j A B
ye are symplectic forms with inverses e jk and e A B, respectively.B A
Especially, both n and m must be even. It is easy to verify that L is a J-L
algebra. Moreover, we introduce a bilinear form in L by
x u s u x se , :  :j k k j jk
 :  :y ¨ s ¨ y s e ,A B B A A B
Y Y s e e , :j A k B jk A B
with all other inner products being zero. We can then verify that L is
quasiclassical.
 4EXAMPLE 1.2. Let L s V [ V with V s x , u and V s0 1 0 j j 1
 4y , ¨ , Y , where only nonzero commutators are given byA A j A
w x w xx , y s y , x sY ,j A A j j A
x , Y s Y , x s e ¨ ,j k A k A j jk A
y , Y s y Y , y s d u .A jB jB A A B j
Note that e in Example 1.1 is now replaced by the Kronecker symbolA B
d . Especially, m need not be even now. Inner products which areA B
nonzero are similarly given by
x u s u x se , :  :j k k j jk
 :  :y ¨ s y ¨ y s d ,A B B A A B
Y Y s d e . :j A k B A B jk
Remark 1.5. Both Examples 1.1 and 1.2 are nilpotent of length 3, i.e.,
L / 0 but L s 0. Note that u and ¨ are center elements of L.3 4 j A
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EXAMPLE 1.3. Suppose that L s V with V s 0. If a symmetric0 1
w x w xproduct x, y s y, x satisfies
w xx , x , x s 0
for all x g L, then L is a J-L algebra by linearizing it. A simple example is
 4 w xV s e, f with f , f s e being the only nonzero commutator. Moreover,0
 :  :  :  :if we assume e N f s f N e s 1, and e N e s 0 while f N f is arbi-
trary, the algebra is quasiclassical with L s 0.3
w x w x w xEXAMPLE 1.4. Suppose that we have V , V s V , V s V , V s 00 0 0 1 1 0
w xwith only V , V : V being possibly nonzero. Then L s V [ V is a J-L1 1 0 0 1
ww x xalgebra, since we have L, L , L s 0 identically. As an example, let L be
a set of 3 = 3 matrices of the form
0 a b
0 0 c /0 0 0
for a, b, c g F, where F is an associative super algebra. We identify
¡ ¦0 0 b~ ¥V [ b g F ,0 0 00 ¢ § /0 0 0
¡ ¦0 a 0~ ¥V [ a, c g F .0 0 c1 ¢ § /0 0 0
Then L is a d J-L algebra with respect to the product:
0 a b 0 a9 b9
,0 0 c 0 0 c9 /  /0 0 0 0 0 0
0 0 ac9 0 0 a9c
a9c
[ d y y1 . .0 0 0 0 0 0 /  /0 0 0 0 0 0
So far all J-L algebras given above satisfy L s 0, which is compatible4
with them being special. If the underlying field is of characteristic 3, we
can find an exceptional J-L algebra as follows.
EXAMPLE 1.5. Let us assume that L s V [ V is of form either0 1
 .  4i V s e, f , V s 00 1
or
 .  4  4ii V s e , V s f ,0 1
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with
w x w xe, e s e, f , f s0,
w x w xe, f s f , e s f .
If the underlying field is of characteristic 3, then L is a J-L algebra for
 .both cases. Moreover, case i is quasiclassical with
 :  :  :e N f s f N e s1, f N f s0,
 :e N e s arbitrary,
 .while case ii cannot be quasiclassical.
w xRemark 1.6. We have L, L s L for J-L algebras given in Example
1.5, so that it cannot satisfy L s 0. Especially, it must be exceptional.4
 4However, L is not simple, since a single element f is an ideal of L. It is
also not semisimple, i.e., it is not a direct sum of simple ideals, although
 .there exists no center element in L. The fact that the second case ii is
 :  :not quasiclassical is due to the fact that f N f s f N e s 0, and hence
 :? N ? is degenerate.
2. JORDAN]LIE TRIPLE SYSTEM
w xLet V be a super space. Suppose that a triple product ?, ? , ? : V m V m
V ª V satisfies conditions
w x0 s x , y , z s s x q s y q s z mod 2 , 2.1a 4 .  .  .  .  .  . .
x yw x w xi x , y , z s yd y1 y , x , z , 2.1b .  .  .
x z y x z yw x w x w xii y1 x , y , z q y1 y , z , x q y1 z , x , y s 0, .  .  .  .
2.1c .
 .uq¨ xw x w x w xiii u , ¨ , x , y , z s u , ¨ , x , y , z q y1 x , u , ¨ , y , z .  .
 . .uq¨ xqy w xq d y1 x , y , u , ¨ , z , 2.1d .  .
for d s "1. Note the presence of the factor d in the last term in the
 .right-hand side of eq. 2.1d . For d s 1, this defines the Lie-super triple
w xproduct studied elsewhere 2 . For d s y1, the triple system is intimately
related to Jordan-super algebras, as we will soon see, so that we may call it
 .a Jordan]Lie triple system abbreviated as JLTS hereafter . It is often
convenient to consider both cases of d s 1 and d s y1, as we call the
 .triple system satisfying eqs. 2.1 a d JLTS.
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 .  .DEFINITION 2.1. If a triple product satisfies Eqs. 2.1b and 2.1d , but
 .not necessarily eq. 2.1c , we call the system a generalized d Jordan]Lie
triple system.
DEFINITION 2.2. A generalized d JLTS is called quasiclassical if
 :there exists a bilinear nondegenerate form ? N ? satisfying the following
conditions:
 :i x N y s unless s x s s y , 2.2a .  .  .  .
x y :  :ii y N x s y1 x N y , 2.2b .  .  .
x yqu¨ :  :w x w xiii y N x , ¨ , u s y1 x N y , u , ¨ . 2.2c .  .  .
 :  .PROPOSITION 2.1. Let a bilinear form x N y satisfy eq. 2.2b , i.e.,
 :  . x y :y N x s y1 x N y , and consider the following three relations:
 .xqy u :  :w x w xi x , y , u N ¨ s yd y1 u N x , y , ¨ , 2.3a .  .  .
 .uq¨ y :  :w x w xii x , y , u N ¨ s yd y1 x N u , ¨ , y , 2.3b .  .  .
x yqu¨ :  :w x w xiii y N x , ¨ , u s y1 x N y , u , ¨ . 2.3c .  .  .
 .If V is a generalized d JLTS, then the ¨alidity of iii implies that of the other
 .  .  .  .two, i and ii . If V is a d JLTS, then all three relations i ] iii are
equi¨ alent to each other.
Proof. The proof proceeds exactly in the same way as for the proof of
w xthe corresponding proposition in 2 so that it need not be repeated here.
 .We also note that the validity of eq. 2.1d is not really required for the
conclusion of the Proposition 2.1.
DEFINITION 2.3. Let V be a generalized d JLTS. We introduce the
left-multiplication operations: V m V ª End V by
w xL x , y z [ x , y , z 2.4 .  .
with products given by
 . .xqy uq¨L x , y ? L u , ¨ [ L x , y L u , ¨ y d y1 L u , ¨ L x , y , .  .  .  .  .  .  .
2.5 .
 .  .where the product L x, y L u, ¨ etc. in the right-hand side stands for the
associative product in End V.
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LEMMA 2.1. We ha¨e
x y
i L y , x s yd y1 L x , y , 2.6a .  .  .  .  .
 .  .xqy q uq¨ii L x , y ? L u , ¨ s yd y1 L u , ¨ ? L x , y , .  .  .  .  .  .
2.6b .
iii L u , ¨ ? L x , y .  .  .
 .uq¨ xw x w xs L u , ¨ , x , y q y1 L x , u , ¨ , y . 2.6c .  . .  .
 .  .  .Proof. They result immediately from eqs. 2.1 , 2.4 , and 2.5 .
 .DEFINITION 2.4. Let L x, y be as in the above. We introduce a vector
 .space M which is a linear span of all L x, y s, i.e.,
M s X N X s c L x , y , x , y g V 2.7 .  . jk j k j k 5
j, k
 .for constants c and write M s L V, V .j, k
PROPOSITION 2.2. Let V be a quasiclassical generalized d JLTS. Then the
 .¨ector space M constructed by eq. 2.7 is
 .i a quasiclassical Lie-super algebra for d s 1,
 .ii a quasiclassical Jordan-super algebra for d s y1.
w xProof. The case of d s 1 has been shown in 2 , so that we will consider
here only the case of d s y1. The fact that M is a Jordan-super algebra
 .  .  .  .for d s y1 is obvious, from eqs. 2.5 and 2.6 since L x, y L u, ¨
denotes an associative product of End V. In order to make it quasiclassical,
we must introduce a bilinear nondegenerate supersymmetric form in M.
w xAs in 2 , we can do it as follows. We set
 :  :w xL x , y N L u , ¨ [ x , y , u N ¨ . 2.8 .  .  .
We must verify its well-definedness, i.e., we must check the validity of
 :  :  :L x9, y9 N L u , ¨ s L x , y N L u , ¨ s L x , y N L u9, ¨ 9 , .  .  .  .  .  .
 .  .  .  .whenever we have L x9, y9 s L x, y and L u9, ¨ 9 s L u, ¨ . This fol-
 .lows immediately from eq. 2.8 as well as its modified form
 .uq¨ y :  :w xL x , y N L u , ¨ s yd y1 x N u , ¨ , y , 2.9 .  .  .  .
 .  .which follows from Proposition 2.1. Moreover, eqs. 2.8 and 2.9 are
 .  .   .  .:consistent with eq. 2.6a in view of eq. 2.1a . Further, L x, y N L u, ¨
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w xcan be easily shown to be nondegenerate in M, as in 2 . We have yet to
 .verify the validity see Definition 1.6 of
 :i L x , y N L u , ¨ s0 .  .  .
unless s x q s y s s u q s ¨ mod 2 2.10a 4 .  .  .  .  .  .
 . .xqy uq¨ :  :ii L x , y N L u , ¨ s y1 L u , ¨ N L x , y , .  .  .  .  .  .
2.10b .
 :  :iii L x , y ? L z , w N L u , ¨ s L x , y N L z , w ? L u , ¨ . .  .  .  .  .  .  .
2.10c .
 .  .Equations 2.10a and 2.10b follow immediately from the definition and
 . w xfrom Proposition 2.1. We can prove eq. 2.10c as in 2 , so that it is not
given here. This completes the proof of the proposition.
Remark 2.1. The Jordan algebra constructed here is not necessarily a
Jordan]Lie super algebra of the previous section even in the case that V
 .is a JLTS, i.e., satisfies eq. 2.1b in addition.
Before going into further details, we will now present some examples of
both classical JLTS and generalized JLTS below.
EXAMPLE 2.1. Let L be a quasiclassical d Jordan]Lie algebra. Intro-
ducing a triple product by
w x w xx , y , z [ x , y , z ,
it gives a quasiclassical d JLTS.
 :EXAMPLE 2.2. Let ? N ? be a nondegenerate bilinear form satisfying
 :i x N y s 0 unless s x s s y , 2.11a .  .  .  .
x y :  :ii y N x s y1 x N y . 2.11b .  .  .
Then
x y :  :w xx , y , z s y N z x y d y1 x N z y .
defines a quasiclassical Lie-super triple system for d s 1. For d s y1, it
gives, however, a quasiclassical generalized JLTS, but not a JLTS.
EXAMPLE 2.3. Let x) y be an associative and commutative algebra,
i.e.,
x) y ) z s x) y) z , .  .
x y
y) x s y1 x) y. .
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Then
xyz [ x) y ) z .
defines a generalized JLTS for d s y1.
EXAMPLE 2.4. Let L be a quasiclassical nilpotent Lie-super algebra of
length at most 4, i.e., L s 0. A triple product given by5
x yw x w x w xx , y , z [ x , y , z q y1 y , x , z .
 .then defines a quasiclassical JLTS d s y1 . It is because we have
w x w x w xu , ¨ , x , y , z s u , ¨ , x , y , z s x , y , u , ¨ , z s 0
etc. identically in view of L s 0. Similarly, we note that5
x¨ :  :  :w x w x w x w x w xy x , ¨ , u s y , x ¨ ¨ , u q y1 y , ¨ x , u .
is supersymmetric for x l y and u l ¨ , proving its quasiclassically.
Examples of quasiclassical nilpotent Lie algebras satisfying L s 04
 . w xhence L s 0 have been given in 2 .5
 :  .EXAMPLE 2.5. Let ? N ? be as in Example 2.2, satisfying eqs. 2.11 .
Suppose that we have f : V m V ª End V satisfying conditions
 .  .  . x y  .i f y, x s d y1 f x, y ,
 .   . .  .  .ii f f u, ¨ x, y s f u, ¨ f x, y ,
 .  .  .  .uq¨ . xqy .  .  .iii f u, ¨ f x, y s d y1 f x, y f u, ¨ .
A triple product given by
 .  .yqz x xqy zw xx , y , z s y1 f y , z x y y1 f z , x y .  .  .  .
 :defines a d JLTS. Moreover, if ? N ? satisfies
 .uq¨ y :  :f x , y u N ¨ s d y1 x N f u , ¨ y , .  .  .
then the d JLTS is quasiclassical. We note that, for d s 1, these conditions
 .  :are readily satisfied by f x, y s x N y ? Id where Id stands for the
identity map.
When V is a JLTS, we can construct a larger Jordan-super algebra as
follows. Hereafter we assume that V is a d JLTS, and consider a direct
sum
L s V [ M s V [ L V , V . 2.12 .  .0
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 .We introduce a bilinear product X ? Y X, Y g L in L by0 0
x ? y s L x , y g M , 2.13a .  .
 .xqy z w xL x , y ? z s yd y1 z ? L x , y s x , y , z g V , 2.13b .  .  .  .
 .  .  .for x, y, z g V in addition to L x, y ? L u, ¨ given by eq. 2.5a . Then,
 .assigning the grade of L x, y to be
s L x , y s s x q s y mod 2 , 2.14 4 .  .  .  .  . .
these lead to
X YX ? Y s yd y1 Y ? X . 2.15 .  .
Our main goal is to prove the following proposition.
PROPOSITION 2.3. Let L be gi¨ en as in the abo¨e, then, L is a0 0
Jordan-super algebra for d s y1 while it gi¨ es a Lie-super algebra for d s 1.
Moreo¨er, L is quasiclassical, if V is quasiclassical.0
Before going into the proof of the proposition, we note that the case of
w xd s 1 has been already proven in 2 . However, it is more convenient to
prove it for both cases at the same time in order to minimize potential
errors of the calculation. We reserve the lowercase letters x, y, z, etc. for
elements of V, while the capital letters X, Y, Z, etc. stand for elements of
 .  .L . Correspondingly, the notation in eqs. 1.12 and 1.13 is generalized0
for elements of L by0
X , Y , Z s X ? Y ? Z y X ? Y ? Z , 2.16a .  .  .  .
X Z Y XJ X , Y , Z s y1 X ? Y ? Z q y1 Y ? Z ? X .  .  .  .  .
Z Yq y1 Z ? X ? Y , 2.16b .  .  .
 .  .XqW Z YqW XF X , Y , Z, W s y1 X ? Y , W , Z q y1 Y ? Z, W , X .  .  .  .  .
 .ZqW Yq y1 Z ? X , W , Y . 2.16c .  .  .
 .Our goal is to prove F X, Y, Z, W s 0 identically. We first prove the
following lemma.
 .LEMMA 2.2. If d s 1, we ha¨e J X, Y, Z s 0 identically, so that L is a0
Lie-super algebra. Howe¨er, for d s y1, this does not hold in general except
for the case of X, Y, Z g V. In other words, we ha¨e
J x , y , z s 0 2.17 .  .
for d s y1, only when x, y, z g V.
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 .Proof. We will first give the proof of eq. 2.17 . We calculate
w xx ? y ? z s L x , y z s x , y , z .  .
 .from eqs. 2.13 so that
x z y x z yw x w x w xJ x , y , z s y1 x , y , z q y1 y , z , x q y1 z , x , y s 0 .  .  .  .
2.18 .
 .by eq. 2.1b for both d s "1. However, the result does not hold for other
cases except for d s 1. For example, we calculate
x ? y ? L u , ¨ s L x , y ? L u , ¨ .  .  .  .
 . .xqy uq¨s yd y1 L u , ¨ ? L x , y .  .  .
 . .xqy uq¨ w xs yd y1 L u , ¨ , x , y .  .
 .uq¨ x w xq y1 L x , u , ¨ , y , .  . 4
w x w xL u , ¨ ? x ? y s u , ¨ , x ? y s L u , ¨ , x , y , . .  .
 .y uq¨ w xy ? L u , ¨ ? x s yd y1 u , ¨ , y ? x .  . .
 . .xqy uq¨ qx y w xs y1 x ? u , ¨ , y .
 . .xqy uq¨ qx y w xs y1 L x , u , ¨ , y , .  .
  ..and hence we see J x, y, L u, ¨ s 0 for d s 1 but not for d s y1.
However, we find a rather interesting identity of
L u , ¨ ? L x , y s L u , ¨ ? x ? y .  .  .  .
 .uq¨ xs L u , ¨ ? x ? y q y1 x ? L u , ¨ ? y 4  4 .  .  .
2.19 .
from these relations, which is valid for both cases of d s "1.
Next, we will proceed to the proof of the Proposition 2.3. First, the part
that L is quasiclassical is easily dealt with, as follows. We define the inner0
 :product for M N V to be
 :  :z N L x , y s L x , y N z s 0. .  .
 :  :   .  .:  :Together with x N y for V N V and L x, y N L u, ¨ for M N M ,
 .given by eq. 2.8 , we can then show that L is quasiclassical. We will now0
prove that L is e-Jordan super algebra with e s yd . Since the identity,0
 .eq. 1.15 , is no longer useful in general, we have to show the validity of
 .F X, Y, Z, W s 0 for various cases, individually.
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 .Case 1 X, Y, Z, W g V . We set X s x, Y s y, Z s z, W s w, and
calculate
X ? Y , W , Z s x ? y , w , z s L x , y , w , z .  .  . .
s L x , y ? w ? z y L x , y ? w , z 4 .  .  .
w xs x , y , w ? z y L x , y ? L w , z .  .
w x w xs L x , y , w , z y L x , y , w , z .  .
 .xqy w w xq y1 L w , x , y , z .  . 4
 .xqy w w xs y y1 L w , x , y , z . .  .
 . xqw . zAfter multiplying y1 , cyclically interchanging x ª y ª z ª x, and
adding these, this leads to
 .xqyqz wF X , Y , Z, W s y y1 L w , J x , y , z s 0. .  .  . .
 .We remark that if we compare this with the identity, eq. 1.15 , we must
also have
 .  .w xqy w yqzy1 J w ? x , y , z q y1 J x , w ? y , z .  .  .  .
 .w xqzq y1 J x , y , w ? z s 0, 2.20 .  .  .
 .for x, y, z, w g V. Note that w ? x s L w, x g M.
 .Case 2 X, Y, Z g V but W g M . We set X s x, Y s y, Z s z, but
 .W s L u, ¨ , and calculate
X ? Y , W , Z s x ? y , L u , ¨ , z s L x , y , L u , ¨ , z .  .  .  . .  .
s L x , y ? L u , ¨ ? z y L x , y ? L u , ¨ ? z 4  4 .  .  .  .
 .xqy uw x w xs L x , y , u , ¨ q y1 L u , x , y , ¨ ? z . .  . 4
w xy L x , y ? u , ¨ , z .
 .xqy uw x w xs x , y , u , ¨ , z q y1 u , x , y , ¨ , z .
w xy x , y , u , ¨ , z
 . .xqy uq¨ w xs yd y1 u , ¨ , x , y , z , .
 .by interchanging x l u and y l ¨ in eq. 2.1c . We then find
 . .xqyqz uq¨F X , Y , Z, W s yd y1 u , ¨ , J x , y , z s 0 .  .  .
again.
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 .Case 3 X g M, Y, Z, W g V . In order to avoid unnecessary compli-
 . x ycations due to sign factors such as y1 etc., we will not write them
hereafter in this proof. We can always supply them, if we wish, to prove the
 .  .same final answer F X, Y, Z, W s 0. Setting X s L u, ¨ , Y s y, Z s z,
and W s w, we calculate, with this understanding,
w xX ? Y , W , Z s L u , ¨ ? y , w , z s u , ¨ , y , w , z .  . .  .
w x w xs u , ¨ , y ? w ? z y u , ¨ , y ? w ? z 4  .
w x w xs L u , ¨ , y , w ? z y u , ¨ , y ? L w , z . .
w x w xs u , ¨ , y , w , z q d w , z , u , ¨ , y
w x w xs u , ¨ , y , w , z y z , w , u , ¨ , y ,
w xZ ? X , W , Y s yd u , ¨ , z , w , y .  .
w x w xs yd u , ¨ , z ? w ? y q d u , ¨ , z ? w ? y 4  .
w x w xs ydL u , ¨ , z , w ? y q d u , ¨ , z ? L w , y . .
w x w xs yd u , ¨ , z , w , y y w , y , u , ¨ , z
w x w xs yd u , ¨ , z , w , y q d y , w , u , ¨ , z .
Adding both, we obtain
X ? Y , W , Z q Z ? X , W , Y .  .
w x w xs u , ¨ , y , w , z q d y , w , u , ¨ , z 4
w x w xy d u , ¨ , z , w , y q d z , w , u , ¨ , y 4
w x w xs u , ¨ , y , w , z y y , u , ¨ , w , z 4
w x w xy d u , ¨ , z , w , y y z , u , ¨ , w , y . 2.21 4  .
On the other side, we have
Y ? Z, W , X s L y , z , w , L u , ¨ .  .  . .
s yd L z , y , w , L u , ¨ .  . .
s yd L z , y ? w ? L u , ¨ q dL z , y ? w ? L u , ¨ 4  4 .  .  .  .
w x w xs yd z , y , w ? L u , ¨ y L z , y ? u , ¨ , w .  .
w x w xs u , ¨ , z , y , w y z , y , u , ¨ , w .
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 .Adding this to eq. 2.21 , we obtain
w xF X , Y , Z, W s u , ¨ , J y , w , z y J z , y , u , ¨ , w s 0, .  .  .
w xsince u, ¨ , w g V.
 .  .  .Case 4 X g M, W g M, Y, Z g V . We set X s L x, w , W s L u, ¨ ,
Y s y, and Z s z and calculate
w xX ? Y , W , Z s x , w , y , L u , ¨ , z .  . .
w x w x w xs ydL u , ¨ , x , w , y , z y L x , w , y , u , ¨ , z , . .
w x w x w xZ ? X , W , Y s L u , ¨ , x , w , z , y q dL x , w , z , u , ¨ , y , .  . .
Y ? Z, W , X s L y , z , L u , ¨ , L x , w .  .  .  . .
s L y , z ? L u , ¨ ? L x , w 4 .  .  .
y L y , z ? L u , ¨ ? L x , w 4 .  .  .
w x w xs yd L u , ¨ , y , z q L y , u , ¨ , z ? L x , w 4  . .  .
w x w xy L y , z ? L u , ¨ , x , w q L x , u , ¨ , w 4 .  .  .
w x w xs L x , w ? L u , ¨ , y , z q L x , w ? L y , u , ¨ , z .  . .  .
w xq dL u , ¨ , x , w ? L y , z . .
w xq dL x , u , ¨ , w ? L y , z . .
w x w x w xs L x , w , u , ¨ , y , z q L u , ¨ , y , x , w , z . .
w x w x w xq L x , w , y , u , ¨ , z q L y , x , w , u , ¨ , z .  .
w x w xq dL u , ¨ , x , w , y , z q dL y , u , ¨ , x , w , z .  .
w x w xq dL x , u , ¨ , w , y , z q dL y , x , u , ¨ , w , z . .  .
Adding all these three, we find
F X , Y , Z, W s L K u , ¨ , x , w , z , y y dL K u , ¨ , x , w , y , z , 4  4 .  .  .
where we have set
w x w xK u , ¨ , x , w , z s u , ¨ , x , w , z y u , ¨ , x , w , z .
w x w xy x , u , ¨ , w , z y d x , w , u , ¨ , z . 2.22 .
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 .  .However, since K u, ¨ , x, w, z s 0 identically by eq. 2.1c , this leads to
 .the desired result F X, Y, Z, W s 0.
 .  .  .Case 5 X, Y g M and W, Z g V . We set X s L x, y , Y s L u, ¨ ,
W s w, and Z s z. Then we have
X ? Y , W , Z s L x , y ? L u , ¨ , w , z .  .  . .
w x w xs L x , y , u , ¨ , w , z q L u , x , y , ¨ , w , z .  . .  .
w x w xs L x , y , u ¨ , w , z y L x , y , u , ¨ ? L w , z . . .
w x w xq L u , x , y , ¨ , w , z y L u , x , y , ¨ ? L w , z . . .
w x w xs L x , y , u , ¨ , w , z q L u , x , y , ¨ , w , z .  .
w x w xy L x , y , u , ¨ , w , z y L w , x , y , u , ¨ , z .  .
w x w xy L u , x , y , ¨ , w , z y L w , u , x , y , ¨ , z .  .
w x w xs yL w , x , y , u , ¨ , z y L w , u , x , y , ¨ , z , .  .
w xY ? Z, W , X s u , ¨ , z w , L x , y .  . .
w x w x w xs L u , ¨ , z , w ? L x , y q dL u , ¨ , z , x , y , w . .  .
w x w x w xs ydL x , y ? L u , ¨ , z , w q dL u , ¨ , z , x , y , w .  .  .
w x w x w xs ydL x , y , u , ¨ , z , w y dL u , ¨ , z , x , y , w . .
w x w xq dL u , ¨ , z , x , y , w .
w xs ydL x , y , u , ¨ , z , w , .
w xZ ? X , W , Y s yd x , y , z , w , L u , ¨ .  . .
w xs L u , ¨ x , y , z , w . .
Adding all this, we get
F X , Y , Z, W s L w , K x , y , u , ¨ , z s 0, 4 .  .
 .  .where K x, y, u, ¨ , z is defined by eq. 2.22 .
 .  .  .Case 6 X, Y, Z g M, W g V . We set X s L x, y , Y s L u, ¨ , Z s
 .  .L z, t , and W s w, and revert to the original definition of Eq. 2.4 as the
 .left-multiplication operation in V with eq. 2.5 . Noting the associative
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product properties of multiplication operators, we find
X ? Y , W , Z s L x , y ? L u , ¨ , w , L z , t .  .  .  . .
s L x , y ? L u , ¨ w ? L z , t 4 .  .  . .
q d L x , y ? L u , ¨ ? L z , t w 4 .  .  . .
s ydL z , t ? L x , y ? L u , ¨ w 4 .  .  . .
q d L x , y ? L u , ¨ L z , t w 4 .  .  . .
s ydL z , t L x , y L u , ¨ y dL u , ¨ L x , y w 4 .  .  .  .  .
q d L x , y L u , ¨ y dL u , ¨ L x , y L z , t w 4 .  .  .  .  .
s ydL z , t L x , y L u , ¨ q L z , t L u , ¨ L x , y  .  .  .  .  .  .
qdL x , y L u , ¨ L z , t y L u , ¨ L x , y L z , t w.4 .  .  .  .  .  .
 .  .  .  .Cyclically interchanging x, y ª u, ¨ ª z, t ª x, y and adding all,
this leads to the desired result of
F X , Y , Z, W s 0. .
 .  .  .Case 7 X, Y, W g M and Z g V . Setting X s L x, y , Y s L u, ¨ ,
 .W s L s, t , and Z s z, we calculate
X ? Y , W , Z s L x , y ? L u , ¨ , L s, t , z .  .  .  . .
s L x , y ? L u , ¨ ? L s, t z 4 .  .  . .
y L x , y ? L u , ¨ L s, t z 4  4 .  .  .
s L x , y ? L u , ¨ L s, t  .  .  . .
ydL s, t L x , y ? L u , ¨ .  .  . .
y L x , y ? L u , ¨ L s, t z4 .  .  . .
s ydL s, t L x , y ? L u , ¨ z .  .  . .
s ydL s, t L x , y L u , ¨ y dL u , ¨ L x , y z 4 .  .  .  .  .
s ydL s, t L x , y L u , ¨ q L s, t L u , ¨ L x , y z , 4 .  .  .  .  .  .
w xY ? Z, W , X s u , ¨ , z , L s, t , L x , y .  .  . .
w xs x , y , s, t , u , ¨ , z
w xq d L s, t ? L x , y ? u , ¨ , z 4 .  .
s L x , y L s, t L u , ¨ z .  .  .
q d L s, t ? L x , y L u , ¨ z 4 .  .  .
s dL s, t L x , y L u , ¨ z , .  .  .
w xZ ? X , W , Y s yd x , y , z , L s, t , L u , ¨ .  .  . .
s yL s, t L u , ¨ L x , y z . .  .  .
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Adding all these three, we find again
F X , Y , Z, W s 0. .
 .Case 8 X, Y, Z, W g M . If d s y1, then this case is an immediate
 .consequence of Proposition 2.2. since the L x, y s form an associative
 .algebra. If d s 1, we can similarly obtain the same result F X, Y, Z, W s
 .0 since then we have J X, Y, Z s 0.
This completes the proof of Proposition 2.3.
Remark 2.2. Let X, Y, Z g L . Then, except for the case of X, Y, Z g0
M, we find the validity of the following relations:
X Z Y X
u X , Y y1 X ? Y ? Z q u Y , Z y1 Y ? Z ? X .  .  .  .  .  .
Z Yq u Z, X y1 Z ? X ? Y s 0, 2.23 .  .  .  .
where we have set
d , if X , Y g V ,
u X , Y s 2.24 .  .d , if X , Y g M , 1, otherwise,
 .for d s "1. The relation, eq. 2.23 , also holds valid for X, Y, Z g M, if
 .  .d s 1 but not if d s y1. Also, eq. 2.19 is a special case of eq. 2.23 .
 .  .Note that, for d s 1, we have u X, Y s 1 always and eq. 2.23 is simply
the Jacobi identity.
3. d-LIE TRIPLE SYSTEM AND DOUBLY GRADED
LIE-SUPER ALGEBRA
w xWe have studied in 2 a triple system which differs slightly from the one
 .presented in the previous section. We assume now the validity of eqs. 2.1
 .except for eq. 2.1c , which is replaced by
 .uq¨ xw x w x w xu , ¨ , x , y , z s u , ¨ , x , y , z q y1 x , u , ¨ , y , z .
 . .uq¨ xqy w xq y1 x , y , u , ¨ , z . 3.1 .  .
 .Note that the d factor does not appear at all in eq. 3.1 in contrast to eq.
 .  .2.1c . If d s 1, then it coincides with eq. 2.1c , reproducing the Lie-super
 .triple system. We have called the present triple system satisfying eq. 3.1
 . w xrather than 2.1c a d Lie-super triple system in 2 . An important
difference from the JLTS studied in Section 2 is that the left-multiplication
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 .  .operator L x, y defined by eq. 2.4 now satisfies
 . .uq¨ xqyL u , ¨ , L x , y [ L u , ¨ L x , y y y1 L x , y L u , ¨ .  .  .  .  .  .  .
 .uq¨ xw x w xs L u , ¨ , x , y q y1 L x , u , ¨ , y 3.2 .  . .  .
irrespective of d s "1. Especially, it defines a Lie-super algebra instead of
a Jordan-super algebra even for the case of d s y1.
 .We define L by eq. 2.12 still and introduce commutation relations in0
L by0
x yw xx , y s dL x , y s y y1 L y , x , 3.3a .  .  .  .
 .xqy z w xL x , y , z s y y1 z , L x , y s x , y , z , 3.3b .  .  .  .
 .  .in addition to eq. 3.2 . We assign the grading of L x, y g M again by
w xs L x , y s s x , y s s x q s y mod 2 . 3.4 4 .  .  .  .  . .  .
Then L can be easily verified to be a Lie-super algebra for the case of0
d s 1, i.e., we have
X Yw x w xX , Y s y y1 Y , X , 3.5a .  .
X Z Y Xw x w xy1 X , Y , Z q y1 Y , Z , X .  .
Z Y w xq y1 Z, X , Y s 0, 3.5b .  .
for X, Y, Z g L .0
However, the case of d s y1 is slightly more involved. Restricting
ourselves now to the case of d s y1 in what follows, we first introduce the
 .second grading function l X in L by0
0, if X g M ,
l X s 3.6 .  . 1, if X g V ,
which satisfies
w xl X , Y s l X q l Y mod 2 3.7 4 .  .  .  . .
when we note
w x w x w xM , M : M , M , V : V , V , V : M . 3.8 .
We next set
 .  .  .  .  .  .s X s Y ql X l Y X Yql X l Y
u X , Y s y1 s y1 3.9 .  .  .  .
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for simplicity. We now find that L satisfies0
w x w xY , X s yu X , Y X , Y , 3.10a .  .
w x w xu X , Z X , Y , Z q u Y , X Y , Z , X .  .
w xq u Z, Y Z, X , Y s 0. 3.10b .  .
We call L a doubly graded Lie-super algebra. We also note the validity of0
u Y , X s u X , Y , 3.11a .  .  .
w xu X , Y , Z s u X , Z u Y , Z . 3.11b .  .  . .
 .  .  .Any algebra satisfying eqs. 3.10 and 3.11 for some sign function u X, Y
may be specified as a generalized Lie algebra, where we need not assume
 .  .  .the validity of eq. 3.9 . Because of eqs. 3.11 , eq. 3.10b is equivalent to
w x w x w xu X , Z X , Y , Z q u Y , X Y , Z, X q u Z, Y Z, X , Y s 0. .  .  .
3.10c .
Remark 3.1. The case of d s y1 for the d Lie-super triple system has
w xbeen called an anti-Lie triple system in 2 , where some examples are
given. However, we have overlooked there the existence of the second
 .grading and of the resulting extra structure given by eqs. 3.10 .
Remark 3.2. We may call the doubly graded Lie-super algebra be
 :quasiclassical, if L possesses a bilinear nondegenerate form ? N ?0
satisfying
 :i X N Y s 0, unless s X s s Y and l X s l Y , .  .  .  .  .
3.12a .
 .  .  .  .s X s Y ql X l Y :  :  :ii Y N X s u X , Y X N Y s y1 X N Y , .  .  .
3.12b .
 :  :w x w xiii X , Y N Z s X N Y , Z . 3.12c .  .
w xIf the anti-Lie triple system is quasiclassical in the sense of 2 , we can
 :easily construct such ? N ? so as to make L quasiclassical just as for the0
case of d s 1. However, we will not go into detail.
Remark 3.3. We can introduce the notion of generalized d-Lie algebras
 .  .  .by replacing u X, Y in eq. 3.10a by d u X, Y for a new sign factor
d s "1. It can be obtained from the d-associative product XY given in
Section 1 by setting
w xX , Y s XY y d u X , Y YX . 3.13 .  .
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The case of d s y1 generalizes then the notion of the Jordan]Lie
algebra. Also, the doubly graded Lie-super algebra can be constructed
 .from any associative algebra with double grading structure, via eq. 3.13
with d s 1.
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